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Abstract
The Multi-Objective Shortest Path (MOS) problem finds a set of

unique Pareto-optimal paths from a source to a destination in a

multi-attribute graph. This NP-hard problem exhibits exponential

complexity growth with increasing objectives, rendering exact so-

lutions computationally intractable. This paper presents MPMOS,

the first GPU-accelerated architecture for exact MOS computation,

addressing three key challenges: irregular label processing, unpre-

dictable memory requirements that exceed static limits, and main-

taining correctness under massive parallelism. Our contributions

include: (1) concurrent extraction and processing of lexicographi-

cally ordered labels, (2) work-aware label distribution, (3) label-level

vectorization with objective-aware dominance and pruning checks,

(4) smart compaction to eliminate fragmentation in data structures,

and (5) dynamic memory allocation enabling scalability to an in-

creasing number of objectives. Experimental evaluation on NVIDIA

GH200 across real-world maritime vessel routing and road network

graphs shows MPMOS achieves an order of magnitude geometric

mean speedup over a CPU parallel MOS, and two orders of magni-

tude over a state-of-the-art sequential MOS algorithm with exact

Pareto-optimality maintained. The dynamic memory allocator en-

ables GPU acceleration for exact multi-objective optimization at

unprecedented computational scales.
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1 Introduction
Many real-world applications consider numerous conflicting and

non-convex inputs to make optimal decisions. Multi-objective opti-

mization considers multiple, often competing objectives simultane-

ously. However, the multi-objective shortest-path (MOS) problem

is NP-hard, unlike its single-objective variant, which has polyno-

mial time algorithms [28]. In a MOS problem, each graph edge is

assigned a vector of non-negative costs such that each element

corresponds to an objective. With competing objectives, no single

path can optimize all objectives simultaneously. This leads to a

rapid growth in complexity with an increasing number of objec-

tives [4, 7, 10, 21, 28].

In MOS, unlike single-objective shortest-path, multiple Pareto-

optimal (non-dominated) paths, also known as labels, may exist

from the start node to any node in the graph. A label is not domi-

nated if no single objective of the label can be improved without

causing at least one of the other objectives to deteriorate in quality.

When a new candidate label is discovered, it is compared against

all other non-dominated labels at that node to check for dominance.
If no such label is found that is better across all objectives (i.e., not

dominated), the label is inserted into the node’s frontier set. The

frontier set is searched to check if the new label dominates existing

labels, which are then removed. To enable efficient dominance and
pruning checks, the frontier set is organized at the node granularity.

There is no known static way to determine the number of Pareto-

optimal labels that exist for each node in the graph. This leads to

complex runtime-dependent operators and data structures in MOS.

As the number of objectives increases, so does the complexity and

variability in the number of dominance checks on MOS data struc-

tures. These operators and data structures have been a major focus

of research in the MOS literature [12, 23–25]. Solving for the exact

Pareto-optimal solutions is challenging for real-world graphs, and

there is an urgent need to address the complexity [26].

Modern graph algorithms exploit hardware parallelism to accel-

erate performance [11, 22]. In 2025, OPMOS proposed to harness

hardware parallelism in MOS using an ordered parallel and asyn-

chronous execution model. However, even with multiple orders of

magnitude performance gains, it is limited by the hardware-level

parallelism in modern multi-core CPUs. OPMOS lacks support for

accelerators (such as GPUs) that offer massive hardware parallelism.

However, because hardware support for dynamic memory and co-

herence/consistency is limited, runtime-dependent, memory-bound

operators and data structures are difficult to use efficiently. The
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irregular data structures that support dominance/pruning operators

require novel GPU methods to efficiently manage label processing.

GPU frameworks (such as Gunrock [34]) expose generic opera-

tors and data structures that apply to many existing graph problems.

However, the irregular data structures and operators in MOS do not

inherently map to the existing graph frameworks. There are three

major challenges for an efficient GPU MOS implementation: order-

ing of rapidly increasing labels during runtime, high variability in

runtime computation and data access requirements for dominance

and pruning checks, and unpredictable storage requirements to

maintain the frontier set. Ordering labels requires a priority queue

(PQ) that is hard to realize on GPU systems. Graph frameworks

opt for approximate PQ implementations to harness parallelism

in GPUs. The design space ranges from an unordered queue to

an exact PQ with tradeoffs between implementation complexity,

parallelism, and work efficiency. The proposed massively parallel

MPMOS uses a lexicographically sorted parallel-PQ to efficiently

order labels in the frontier set. A system parameter allows concur-

rent extraction of many high-priority labels to saturate the parallel

hardware of the GPU.

The work done per label processed is highly irregular, primarily

due to the node-level variability in the number of labels checked

during the dominance and pruning operations. This creates com-

putational complexity and load imbalance problems that lead to

serialization when multiple labels are processed in parallel. Even

within a single dominance comparison between two labels, it is

possible that not all objectives need to be compared to determine

dominance. Beyond computation, random-access in-place deletes

from the data structures are expensive. An invalidation-based ap-

proach does not require expensive data movements, but leaves

behind “holes” in the data structures. These holes still need to be

checked during dominance/pruning operations, and they continue

to consume GPU memory. The variability in the number of labels

per node creates challenges with the static mapping of memory

on the GPU. Without dynamic memory support, large MOS prob-

lems cannot be allocated on even the largest GPUs. Fundamentally,

tackling these sources of variability is a key challenge for mapping

MOS to the GPU.

To address the variability in label processing, a work-stealing

label distribution, as well as an objective-aware mapping of dom-

inance and pruning operators, is proposed. A novel lightweight

method of compacting valid entries removes holes within the per-

node data structures. This adds computation overhead, but leads

to avoiding unnecessary checks in the dominance and pruning

operators. The compaction operator enables an additional feature

where memory is dynamically allocated, enabling larger instances

of MOS to execute to completion. This is crucial for the scalability

of MOS on GPU systems. MPMOS combines the variability-aware

label processing innovations to enable massively parallel MOS.

MPMOS is evaluated on NVIDIA GH200 using real-world mar-

itime vessel routing and road-network graphs. It unlocks massive

GPU parallelism and achieves 356× geometric mean speedup over

sequential, and 37× speedup over the state-of-the-art CPU-parallel

baseline. The proposed label ordered and asynchronous-parallel

approach balances work efficiency and parallelism tradeoffs to

produce the exact solutions that match sequential execution. The

impressive performance contributions are largely attributed to the

work-efficient label distributions in the GPU, objective-aware pro-

cessing of dominance and pruning operators, and smart compaction

of data structures, leading to an 11.3× speedup compared to when

these optimizations are all turned off in MPMOS. Finally, MPMOS

is shown to scale to an increasing number of objectives, where

both computational and memory resources of the GPU are stressed.

Using the proposed dynamic memory allocator for the underly-

ing data structures, MPMOS is shown to achieve unprecedented

scalability across multi-attribute graphs.

2 Related Work and Motivation
Computing the exact Pareto-optimal solution set for the MOS prob-

lem is computationally hard [4, 7, 10, 21, 28]. MOS literature ad-

dresses the computational complexity and proposes novel data

structures and algorithmic optimizations based on the multiobjec-

tive extension of the A* search algorithm [18, 26, 31, 33]. A New

Approach to Multi-Objective A* (NAMOA*) [18] and its variants

EMOA* [25], NAMOA*-dr [23], LTMOA*, and LazyLTMOA* [12] en-

sure that an exact set of solution labels is computed from a source to

a goal node. However, despite all algorithmic innovations, the core

problem remains: the complexity of these exact Pareto approaches
rises exponentially with the number of objectives.

To deal with this complexity, the MOS literature has explored

a variety of approximate approaches. Genetic and evolutionary

algorithms [2, 5, 14, 15, 36, 38] suffer from low explainability and

accuracy of solutions with minimal computational efficiency gains.

Approximate Pareto approaches reduce computational complexity

through runtime state-space reductions. For example, an 𝜖 domi-

nance operator [35] allows pruning of candidate solutions within an

𝜖-bounded range. This introduces a tradeoff between solution accu-

racy and runtime efficiency [37]. As the 𝜖-bound is increased, more

candidate labels are pruned, and the runtime efficiency improves.

However, Pareto-optimal labels are dropped from consideration,

and the approximation method degrades solution quality and fal-

ters with explainability to the decision makers. In mission-critical

environments, maintaining high trust and explainability is neces-

sary, pointing back towards the computationally hard exact Pareto

approaches.

Extracting parallelism through ordered graph processing is the

cornerstone of accelerating modern graph algorithms [11, 22]. Re-

searchers have explored parallelization of MOS, such as [29] that

computes a single-objective shortest path for each objective and

combines them for a single solution. Such inexact MOS problems

are out of scope for MPMOS, which aims for high explainability

through the computation of an exact Pareto-optimal solution set.

Recently, limited parallelization has also been explored in the litera-

ture for the exactMOS problem at the objective [1] and operator [13]

level. Sanders and Mandow [27] present a parallel bi-objective al-

gorithm, relying on identifying multiple globally Pareto-optimal

labels for extraction on each iteration, a task the authors assert is

not possible for more than two objectives. OPMOS [9] introduces

the first parallel single-instance exact Pareto algorithm, presenting

a scalable label parallel approach that exploits hardware CPU par-

allelism to accelerate the MOS execution time. OPMOS identifies

high variability in label processing as a key challenge to unlocking
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Figure 1: MOS Performance vs. Solution Quality Tradeoff.
The solution quality score is measured using an average of
the Generational Distance (GD) and the Inverse Generational
Distance (IGD) [3]. GDmeasures the distance from each solu-
tion in the approximate Pareto front to the closest solution
on the exact Pareto front, whereas IGDmeasures the distance
from each solution in the exact Pareto front to the closest
solution on the approximate Pareto front. Distance is the
average normalized distance for each objective.

MOS parallelism, in addition to massive compute and memory scal-

ing with increasing objectives. Despite these challenges, OPMOS

shows high potential for label-level parallelism and highlights a

lack of hardware parallelism on the CPU as the key performance

limitation for further scaling. This suggests the hypothesis that

exploiting the massive parallelism available on modern GPUs can

deliver even further performance gains. However, there is no prior

work on exploiting GPU parallelism in MOS.

The CPU parallel OPMOS bridges the complexity gap between

exact Pareto approaches and approximate solutions. Figure 1 shows

the time-to-solution and solution-accuracy tradeoff of various MOS

algorithms, normalized to the sequential NAMOA* exact Pareto

algorithm. The state-of-the-art NSGA-III [5, 15] evolutionary algo-

rithm exhibits slow time-to-solutions while delivering the lowest

quality solutions. The exact Pareto approach delivers exact solu-

tions, but is still constrained by runtime complexity. The epsilon-

based approximate Pareto approach trades performance efficiency

with degraded solution quality, reducing explainability. The CPU-

parallel acceleration in OPMOS delivers high efficiency with no

compromise in solution quality. However, the runtime of OPMOS

remains intractable in many practical settings, pointing towards

massively parallel systems as the next logical step towards tackling

the high complexity in MOS.

Parallel graph processing on modern GPUs has been extensively

studied [34], and NVIDIA supports the cuGraph library for graph

analytics [16]. However, no known work has extended support

for the MOS problem on GPUs. With unbounded time and space

complexity, it is challenging to map MOS to the existing graph

frameworks. MOS requires unique operators and data structures to

handle its high variability and dynamic runtime complexity. Once

these operators and structures are discovered for GPU-parallel

MOS, novel graph frameworks can be devised. However, the goal

of this paper is to formulate the data structures and operators that

efficiently map MOS onto the GPU systems. Furthermore, prior

work does not explicitly identify the operators needed to address

the challenges with multiple potentially non-optimal label extrac-

tions. MPMOS proposes the precise set of additional dominance and

pruning checks to ensure the parallel algorithm converges on exact

solutions, and aims to set the standard for parallel exact Pareto

algorithms.

3 MOS Background and Challenges
Multiobjective optimization aims to simultaneously minimize (or

maximize) a vector of objective functions. Generally, there is not a

single solution that minimizes all objectives, especially when deal-

ing with objective functions that lead to non-convex optimization.

Instead, multiobjective optimization finds the non-dominated, or

Pareto-optimal solutions, such that no solution improves one ob-

jective without worsening at least one other [7]. Formally, this can

be stated as follows for 𝑑 objectives, where 𝑋 ⊆ R𝑛
represents the

feasible solution space, and 𝑓𝑖 (𝑥) represents the objective function
for the 𝑖-th objective.

min

𝑥∈𝑋
[𝑓1 (𝑥), · · · , 𝑓𝑑 (𝑥)] (1)

Given a weighted graph 𝐺 = (𝑉 , 𝐸, 𝑐) with a set of nodes 𝑉 , edges

𝐸, and non-negative edge weights 𝑐 , the shortest path problem

computes the minimum-cost path from a source node 𝑣𝑠 to a goal

node 𝑣𝑔 in the graph [32]. In a multi-objective setting, each edge

𝑒 ∈ 𝐸 is given a non-negative cost vector 𝑐 (𝑒) of length 𝑑 objec-

tives (constant length for each edge in a graph), with each element

corresponding to an objective. When these objectives conflict, no

single path can optimize all of them simultaneously. This requires

the use of labels to track the candidate Pareto-optimal solutions,

where a label 𝑙 = (𝑣, 𝑔) represents a path from 𝑣𝑠 to a specific node

𝑣 with a given feasible solution cost vector 𝑔 of length 𝑑 [19, 25, 27].

The vector 𝑔 denotes the path cost from 𝑣𝑠 to 𝑣 , calculated as the

sum of the cost vectors 𝑐 (𝑒) for all edges present on the path. For

simplicity, we denote 𝑣 (𝑙) to be the vertex and 𝑔(𝑙) to be the cost

vector contained in 𝑙 . The number of Pareto-optimal solutions is

unbounded, and each potential new path to a node introduces a

new feasible solution. This results in a rapid, unpredictable growth

in Pareto-optimal solution labels with the number of nodes and

objectives in the graph. The NP-hard formulation of MOS uniquely

differentiates it from traditional graph algorithms that guarantee

polynomial bounds on their time and space complexity.

Since multiple objectives may compete, MOS introduces a domi-

nance check such that given two labels 𝑙 and 𝑙∗ with 𝑑 objectives, 𝑙

dominates 𝑙∗ (denoted 𝑙 ⪰ 𝑙∗) if and only if they share the same node

(𝑣 (𝑙) = 𝑣 (𝑙∗)) and𝑔(𝑙) ⪰ 𝑔(𝑙∗) (i.e.,𝑔(𝑙) [𝑖] ≤ 𝑔(𝑙∗) [𝑖],∀𝑖 ∈ 1, 2, ..., 𝑑 ,
and 𝑔(𝑙) [𝑖] < 𝑔(𝑙∗) [𝑖], ∃𝑖 ∈ 1, 2, ..., 𝑑). All non-dominated labels

from 𝑣𝑠 to the goal node 𝑣𝑔 constitute the Pareto-optimal solution
set. MOS aims to find a cost-unique Pareto-optimal solution set

where no two paths in the subset have the same cost vector. As the

number of objectives and nodes increases, so does the computa-

tional complexity and the number of Pareto-optimal paths [25].

To efficiently compute the Pareto-frontier, A*-style algorithms

(like NAMOA* and its variants) compute all Pareto-optimal labels

to the goal node, unlike the single-objective A*, which terminates

once the first solution is found. These algorithms require the use of

a consistent heuristic for the A* search to ensure that an exact
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Figure 2: MOS algorithm dataflow with operators and data
structures.

set of solution labels is computed to the goal node. A heuristic

vector
ˆℎ(𝑣) is an admissible heuristic such that it dominates all

Pareto-optimal solution labels from node 𝑣 to the goal node [18].

One method to derive this heuristic is to compute the single-source

shortest path (SSSP) from the goal node for each objective. The

resulting shortest paths to all nodes in the graph represent the

lower bound path costs, defined as
ˆℎ(𝑣 (𝑙)). A vector

ˆ𝑓 (𝑙) denotes
the estimated lower-bound of the path cost from the start node to

the goal node for a given label, calculated as
ˆ𝑓 (𝑙) = 𝑔(𝑙)+ ˆℎ(𝑣 (𝑙)). To

support the computations for a cost-unique Pareto-optimal solution

set, MOS algorithms center around a set of key data structures and

operators.

Frontier Sets: MOS operates on open (𝐺𝑂𝑃 ) and closed (𝐺𝐶𝐿) sets.

The 𝐺𝐶𝐿 set contains all non-dominated Pareto-optimal labels or-

ganized on a per-node granularity. Each label in𝐺𝐶𝐿 (𝑢) is a partial
solution path from 𝑣𝑠 to 𝑢. For example, 𝐺𝐶𝐿 (𝑣𝑔), denoted 𝑃 , main-

tains the Pareto-optimal solutions to the goal node, 𝑣𝑔 . The output

of the MOS is the exact set of Pareto-optimal solutions in 𝑃 . 𝐺𝑂𝑃

contains all labels that need to be settled into the Pareto-frontier. It

is also organized at the node granularity for efficient processing.

OPEN mirrors all unsettled labels in 𝐺𝑂𝑃 , and is organized as a

queue of labels prioritized by
ˆ𝑓 (𝑙) in increasing lexicographic order

of objectives. This guarantees that a globally Pareto-optimal label is

extracted and processed in each iteration (or frontier in traditional

graph terminology). A priority queue (PQ) data structure is used

to ensure that a label with the highest probability of remaining in

the final solution is processed. This enables the optimal number of

labels to be processed for algorithmic convergence.

NotDominated (𝑙, 𝑆, 𝑐𝑜𝑠𝑡 ) operator compares the label 𝑙 with labels

in a given set 𝑆 to verify if a label exists in 𝑆 that dominates 𝑙 . The

𝑐𝑜𝑠𝑡 specifies whether the path-cost (𝑔) or the heuristic-cost ( ˆ𝑓 ) is

used for the dominance checks. It returns false if 𝑙 is dominated by

a label in 𝑆 , and returns true otherwise.
Prune (𝑆, 𝑙, 𝑐𝑜𝑠𝑡) operator searches through all labels in a given

set 𝑆 , and removes all labels in 𝑆 that are dominated by 𝑙 using the

path-cost (𝑔) or the heuristic-cost ( ˆ𝑓 ).

Using these data structures and operators, MOS algorithms com-

pute an exact Pareto-optimal solution set. In a single-objective

shortest path, there is only one minimum solution label for each

node in the graph, resulting in static storage requirements and

constant-time comparisons. However, MOS does not guarantee a
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Figure 3: Variability in dominance checks per label processed
for Graph TMP1 at 12 objectives.

single solution path, as multiple non-dominated labels can exist

from the start node to any other node in the graph. This places

MOS algorithms into a unique class of graph processing as they ex-

ecute an unpredictable number of labels for each node in the graph,

and each label performs an unstructured and variable number of

computations.

This paper uses OPMOS [9] as the baseline, which parallelizes

the sequential NAMOA* algorithm. Figure 2 shows a high-level

overview of the MOS operator and data flow in NAMOA*. In the

extraction phase, a goal node label is extracted from the OPEN

queue and inserted into 𝐺𝐶𝐿 (𝑢) and 𝑃 . A goal node label also op-

portunistically prunes dominated labels from OPEN. The expansion

phase generates candidate labels for the neighboring nodes. Each

expanded label must not be dominated by an existing label in 𝐺𝑂𝑃

and 𝐺𝐶𝐿 for that node, and the solution set 𝑃 , to be classified as a

unique candidate Pareto-optimal label. This unique label is then

inserted into OPEN. It must also perform a pruning check against

all existing labels for that node in 𝐺𝑂𝑃 and 𝐺𝐶𝐿 to ensure labels

dominated by this expanded label are removed. These phases are

repeated (termed as iterations) until no labels exist in OPEN. At

the end, 𝑃 contains the final labels representing the Pareto-optimal

solution paths (also referred to as exact solutions).

3.1 Challenges in MOS Unpredictability
Traditional graph problems have complexity measured in the num-

ber of nodes and edges. In MOS, a third dimension is added: the

number of objectives. The runtime of MOS grows exponentially

with objectives, characterized by a rapid increase in the number of

labels processed. The computational complexity challenge exacer-

bates due to the high unpredictability in label processing. There are

three key sources of unpredictability: the difference in execution

flow between the expansion of goal and intermediate node labels,

the difference in the number of neighbors per node (out-degree)

during expansion, and the dominance and pruning operations. The

dominance/pruning checks dominate the runtime, requiring tens to

millions of comparisons to complete. These checks may exit early

if a label is found that causes the checks to fail, introducing further

variability in required computations.

OPMOS [9] quantified the MOS unpredictability and showed

orders of magnitude differences in label latency, with the gap widen-

ing with increasing numbers of objectives. Figure 3 shows six orders
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Figure 4: Variability in the number of labels per node for
Graph TMP1 at 12 objectives.

of magnitude variability in the number of dominance checks per-

formed per label for a representative graph (TMP1 in Section 5 with

12 objectives). Beyond label variability, each node also maintains

an unpredictable number of candidate labels. Figure 4 shows the

number of labels per node generated at the end of NAMOA* for

the representative graph. With high variability at the node level,

each dominance and pruning check has a highly variable number

of comparisons that must be performed. Adding together all of the

sources of variability in MOS, there is no known way to statically

predict the complexity of each label, potentially making efficient

and balanced parallel distribution difficult. Storing these labels also

leads to significant memory management challenges, especially

on GPU systems that do not explicitly support dynamic memory

management.

4 Massively Parallel MOS
This paper introduces the first massively parallel algorithm to ad-

dress the unique multiobjective graph processing challenges and

accelerate MOS problems on modern parallel throughput hardware.

Extracting sufficient parallelism to utilize the underlying hardware

is a key requirement for efficient parallel mapping. Recent CPU-

parallel OPMOS [9] suggests that multiple labels can be extracted

from the OPEN queue for parallel processing, where the extracted

labels encompass an iteration of the algorithm. To expose the max-

imum available parallelism, the entire OPEN may be extracted on

every iteration. However, the number of labels in OPEN is unpre-

dictable and grows rapidly. Processing too many labels per iteration

may create a significant amount of redundant labels that do not

settle in the final frontier set. The resulting decrease in work effi-

ciency is detrimental to runtime despite the increase in available

parallelism. Thus, a system parameter, NUM_EXTRACT, is intro-

duced to allow a controlled number of label extractions from the

OPEN queue on every iteration. This enables a user-defined control

over the expansion of work as the algorithm progresses, allowing

sufficient parallelism with a bound on work efficiency by maintain-

ing an order to label processing. However, not only must the right

amount of labels be extracted, but also the right labels.

Sanders and Mayers [27] presented the first parallel bi-objective

shortest-path algorithm using an exact globally Pareto-optimal pri-

ority queue. However, beyond two objectives, there is no known

OPEN .Dominance ("EX, $EX % )

x
Thread	1 Thread	n

If	-g: Prune	(OPEN)

Prune ($CL % )

Extraction

Prune ($OP % , $CL % ) Expansion

x/

Dominance (", $OP % , $CL % , "EX, $EX % )

Figure 5: Parallel label dataflow and processing in MPMOS.

global priority order, and lexicographical ordering introduces re-

dundant label computations. These non-Pareto-optimal labels must

be removed through additional dominance and pruning checks to

ensure the algorithm still converges on exact solutions. Optimal

ordering for MOS remains an open research problem [26]. Follow-

ing MOS literature, OPEN is implemented as a lexicographically

ordered queue, while ensuring efficient algorithmic convergence.

Figure 5 shows the additional dominance and prune operators

(highlighted boxes) that must be performed when multiple labels

are concurrently extracted on an iteration. A label may dominate an-

other extracted label. Left unchecked, this introduces duplicate and

non-Pareto-optimal labels into𝐺𝐶𝐿 . To address this, all labels being

extracted are checked for dominance against one another to ensure

that the label qualifies to be inserted into𝐺𝐶𝐿 and expanded. These

checks are performed not only against labels at the label’s node,

but also against labels at the goal node that are being considered

for insertion into 𝑃 in a given iteration. To accomplish the parallel

dominance checks, the extracted labels from OPEN are inserted

into additional per-node data structures, 𝐺𝐸𝑋 for the regular and

𝑃𝐸𝑋 for the goal node labels. The labels that pass this first check

continue processing. An extracted label does not guarantee that it

is Pareto-optimal for that node due to the lexicographical ordering

used in parallel extractions. Therefore, when the Pareto-optimal

label is extracted in a future iteration, it must perform a prune oper-

ator to make sure any labels in the𝐺𝐶𝐿 set (at its node) are pruned

if they are dominated by the extracted label. A new candidate label

generated in the expansion phase may be dominated by the parallel

extracted labels (in the𝐺𝐸𝑋 and 𝑃𝐸𝑋 sets). Thus, dominance checks

are added in the expansion phase to ensure that a newly generated

non-Pareto-optimal label is not inserted in OPEN and the 𝐺𝑂𝑃 set.

These additional checks ensure exact Pareto-optimal solutions, but

add computational overhead that must be amortized by exploiting

parallelism.

Due to high variability in label processing, statically distributing

the extracted labels among parallel threads leads to load imbalance,

where an extracted label may fail the dominance check on 𝐺𝐸𝑋 ,

while another candidate label performs multiple dominance and

pruning operations. As shown in Figure 5, a work-stealing approach

is proposed where each thread fetches a label on demand from

OPEN. This allows threads that finish their work early to continue

while long-running threads complete their assigned computations.
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Algorithm 1MPMOS

Input: Edge costs𝐶 , heuristics 𝐻 , start 𝑣𝑠 and goal 𝑣𝑔 nodes

1: while OPEN not empty do
2: Launch Extract Kernel

3: Launch Expand Kernel

4: 𝑃.𝑒𝑛𝑑 ← 𝑃.𝑒𝑥𝑝_𝑒𝑛𝑑 ; 𝑃𝐸𝑋 .𝑒𝑛𝑑 ← 0

5: for all nodes 𝑖 do𝐺𝑂𝑃 (𝑖 ) .𝑒𝑛𝑑 ← 𝐺𝑂𝑃 (𝑖 ) .𝑒𝑥𝑝_𝑒𝑛𝑑 ;𝐺𝐸𝑋 (𝑖 ) .𝑒𝑛𝑑 ← 0

6: Launch Sort Kernel

7: Launch Compact Kernel

8: function Extract Kernel

9: OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑 ←MIN (NUM_EXTRACT, OPEN.𝑒𝑛𝑑)

10: for 𝑖 =WARP_ID to OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑 by NUM_WARPS do
11: 𝑙 ← OPEN[𝑖]

12: if 𝑙 .isInvalid then continue
13: 𝐺𝐶𝐿 (𝑣 (𝑙 ) ) .insAt(𝑙 , atomicAdd(𝑒𝑛𝑑 , 1))
14: 𝐺𝑂𝑃 (𝑣 (𝑙 ) ) .invalidate(𝑙 )
15: if 𝑣 (𝑙 ) = 𝑣𝑔 then 𝑃𝐸𝑋 .ins(𝑙 , atomicAdd(𝑒𝑛𝑑 , 1))
16: else𝐺𝐸𝑋 (𝑣 (𝑙 ) ) .ins(𝑙 , atomicAdd(𝑒𝑛𝑑 , 1))

17: function Expand Kernel

18: PruneOPEN(OPEN, 𝑃𝐸𝑋 ,
ˆ𝑓 )

19: for 𝑖 =WARP_ID to OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑 by AtomicFetchNextOPEN( ) do
20: 𝑙 ← OPEN[𝑖]

21: if 𝑙 .isInvalid then continue
22: if NotDominated(𝑙 , 𝑃𝐸𝑋 ,

ˆ𝑓 ) and NotDominated(𝑙,𝐺𝐸𝑋 (𝑣 (𝑙 ) ), 𝑔) then
23: if 𝑣 (𝑙 ) = 𝑣𝑔 then
24: Prune(𝑃, 𝑙, ˆ𝑓 )
25: 𝑃 .insAt(𝑙 , atomicAdd(𝑒𝑥𝑝_𝑒𝑛𝑑 , 1)))
26: else
27: Prune(𝐺𝐶𝐿 (𝑣 (𝑙 ) ), 𝑙, 𝑔)
28: for all 𝑣′ ∈ GetNeighbors(𝑣 (𝑙 )) do
29: 𝑙 ′ ← (𝑣′, 𝑔 (𝑙 ) + 𝑐 (𝑣 (𝑙 ), 𝑣′ ) ) ; parent(𝑙 ′ ← 𝑙 )

30:
ˆ𝑓 (𝑙 ′ ) ← 𝑔 (𝑙 ′ ) + ˆℎ (𝑣 (𝑙 ′ ) )

31: if NotDominated(𝑙 ′, 𝑃, ˆ𝑓 ) and
32: NotDominated(𝑙 ′,𝐺𝐶𝐿 (𝑣 (𝑙 ′ ) ), 𝑔) and
33: NotDominated(𝑙 ′,𝐺𝑂𝑃 (𝑣 (𝑙 ′ ) ), 𝑔) and
34: NotDominated(𝑙 ′,𝐺𝐸𝑋 (𝑣 (𝑙 ′ ) ), 𝑔) and
35: NotDominated(𝑙 ′, 𝑃𝐸𝑋 , ˆ𝑓 )) then
36: Prune(𝐺𝐶𝐿 (𝑣 (𝑙 ′ ) ), 𝑙 ′, 𝑔)
37: Prune(𝐺𝑂𝑃 (𝑣 (𝑙 ′ ) ), 𝑙 ′, 𝑔)
38: OPEN.insAt(𝑙 ′ , atomicAdd(𝑒𝑥𝑝_𝑒𝑛𝑑, 1))
39: 𝐺𝑂𝑃 (𝑣 (𝑙 ′ ) ) .insAt(𝑙 ′ ,atomicAdd(𝑒𝑥𝑝_𝑒𝑛𝑑, 1))
40: else
41: 𝐺𝐶𝐿 (𝑣 (𝑙 ) ) .invalidate(𝑙 )

4.1 Algorithmic Dataflow
The proposed massively parallel GPU algorithm for MOS is in-

troduced using the NVIDIA terminology. However, the proposed

algorithm can be deployed to other vectorized parallel hardware

systems. The GPU-parallel pseudocode is described at the warp

granularity in Algorithm 1. Each data structure maintains an 𝑒𝑛𝑑

pointer, such that the valid region of labels lies between 0 and 𝑒𝑛𝑑 .

Efficient dynamic memory management is a challenge for MPMOS

data structures, and the proposed methods are discussed later.

At the top of an iteration, it is assumed that the OPEN queue is

sorted in priority order using the Sort Kernel that is discussed

later. Within the Extract Kernel, up to NUM_EXTRACT labels

are extracted from OPEN. The cutoff point for extraction is set

using a pointer, OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑 (line 9), and the extracted labels

are distributed in a round-robin fashion, with each label being

moved from𝐺𝑂𝑃 to𝐺𝐶𝐿 in parallel. Since multiple extracted labels

may be concurrently inserted into𝐺𝐶𝐿 at the same node, an atomic

increment on the 𝑒𝑛𝑑 pointer is used to allocate a new entry, and the

label is subsequently inserted at that position (line 13). To avoid data

duplication and maintain consistency among tracked open labels,

a pointer association between OPEN and 𝐺𝑂𝑃 is maintained and

kept consistent throughout the label processing. The association

between OPEN and 𝐺𝑂𝑃 leads to entries needing to be removed

from random locations in𝐺𝑂𝑃 (line 14) as labels are extracted from

OPEN. These deletions leave behind “holes” with random invalid

entries spread throughout the 𝐺𝑂𝑃 arrays. The impact of these

holes, and the proposed compaction strategy (Compact Kernel), is

discussed later in the section. The extracted labels from OPEN are

inserted into 𝐺𝐸𝑋 for the regular and 𝑃𝐸𝑋 for the goal node labels

(lines 15-16). The Extract Kernel implicitly propagates the data

consistently among all warps, and the Expand Kernel is invoked

to process the extracted labels.

The expansion phase commences in each warp by first checking

if the label being processed is dominated by other extracted labels

in 𝑃𝐸𝑋 or𝐺𝐸𝑋 (line 22). If the label is not dominated and at the goal

node (line 23), then it first checks if it can prune out any current

non-dominated labels in 𝑃 (line 24), and is inserted into 𝑃 (line

25). The NAMOA* algorithm performs an additional operator to

aggressively prune labels in OPEN that are dominated by goal node

labels. Since OPEN grows rapidly, the computational complexity

of the PruneOPEN operator grows disproportionally large relative

to the other operators. Therefore, MPMOS proposes to exploit the

massive parallelism in OPEN to accelerate the PruneOPEN operator

independent of the warp-level processing of the extracted labels

(line 18). Parallel label extractions in MPMOS allow non-globally

Pareto optimal labels to make it into 𝐺𝐶𝐿 . Before commencing

the expansion phase for a regular label, 𝐺𝐶𝐿 is pruned (line 27).

During regular label expansion, each neighbor is visited, and a new

candidate label is generated (lines 28-30). If any label in the open set

(𝐺𝑂𝑃 ) or the closed set (𝐺𝐶𝐿 and 𝑃 ) dominates this candidate label,

it is discarded (lines 31-33). Additionally, the extraction sets (𝐺𝐸𝑋

and 𝑃𝐸𝑋 ) are checked for dominance (lines 34-35). If not dominated,

the label is inserted into OPEN and 𝐺𝑂𝑃 (lines 38-39), and is used

to prune out labels it may dominate in 𝐺𝐶𝐿 and 𝐺𝑂𝑃 (lines 36-37).

In the Expand Kernel, the dominance and pruning operators incur

a varying number of label checks with complex control flow paths.

Therefore, efficient parallelization of these operators is discussed

later in this section.

During the expansion phase, newly generated labels are inserted

into the open set (OPEN and𝐺𝑂𝑃 at lines 36-37), and extracted goal

node labels are settled and inserted into 𝑃 (line 25). The 𝑒𝑛𝑑 pointer

is not modified to enable the dominance and pruning operators to

execute concurrently with label insertions. However, a separate

𝑒𝑥𝑝_𝑒𝑛𝑑 pointer on each structure is progressed to allocate new

insertions. The Expand Kernel implicitly propagates data consis-

tently among all warps, and all data structure pointers are reset

before the next iteration (lines 4-5).

4.2 Label Ordering
The MOS literature implements consistent heuristic-driven algo-

rithms that generate an exact set of Pareto-optimal solutions to a

goal node. Prior works [26, 27] show that lexicographical ordering

of objectives impacts the labels processed (work efficiency), imply-

ing there is not one exact optimal priority order. Objective ordering

remains an open research problem in MOS literature. MPMOS

implements a lexicographically ordered queue to enable parallel
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Algorithm 2 Sort Kernel

1: OPENnext .𝑒𝑛𝑑 ← OPEN.𝑒𝑥𝑝_𝑒𝑛𝑑− OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑

2: OPENnext .𝑒𝑥𝑝_𝑒𝑛𝑑 ← OPENnext .𝑒𝑛𝑑

3: if (OPEN.𝑒𝑥𝑝_𝑒𝑛𝑑− OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑) > NUM_EXTRACT then
4: Sort(OPEN[𝑒𝑛𝑑 to 𝑒𝑥𝑝_𝑒𝑛𝑑])
5: OPENnext ←Merge(OPEN[𝑒𝑥𝑡_𝑒𝑛𝑑 to 𝑒𝑛𝑑], OPEN[𝑒𝑛𝑑 to 𝑒𝑥𝑝_𝑒𝑛𝑑])
6: else
7: OPENnext ← OPEN[𝑒𝑥𝑡_𝑒𝑛𝑑 to 𝑒𝑥𝑝_𝑒𝑛𝑑]
8: Swap(OPENnext , OPEN)

Extracted Not	Extracted Newly	InsertedOPEN
0																	extr_end end																													exp_end

SORT

MERGE
OPENnext

0																																			 end

Figure 6: Double-buffered OPEN queue operator.

extraction of high-priority labels from OPEN, while ensuring the

algorithm converges to produce exact solutions with high efficiency.

To prepare OPEN to extract high-priority labels for the next

iteration, the non-extracted and newly-inserted labels are lexico-

graphically sorted. This configuration is termed “global sorting”

and implemented using state-of-the-art GPU-parallel sorting algo-

rithms, such as Merge Sort using the NVIDIA CUB library. However,

global sorting incurs runtime overhead that must be mitigated. We

observe that non-extracted labels sorted in the previous iteration do

not need to be sorted again. As described in Algorithm 2 and illus-

trated in Figure 6, a double-buffered strategy for OPEN is proposed

in which the newly inserted labels are sorted and merged with

the non-extracted labels. If all labels that are scheduled for sorting

are extracted on the next iteration, then sorting is skipped for that

iteration. The double buffering of OPEN ensures data consistency

across iterations. A key advantage of the proposed approach is

that it allows the system to dynamically size OPEN at an iteration

granularity.

Despite the proposed runtime optimizations, sorting introduces

overhead. However, label processing in MOS results in complex

dominance and pruning operations that amortize this cost. What

is more crucial is that high-priority labels are extracted first to

keep the algorithm from processing labels that can be avoided.

An important parameter for keeping labels ordered as close to

high-priority as possible is NUM_EXTRACT, which must be set

to trade off parallelism and work efficiency. At an extreme, when

NUM_EXTRACT approaches infinity, all labels are extracted from

OPEN for processing, and the OPEN operates in an unordered man-

ner. This parameter space is empirically explored in the evaluation

section.

4.3 Dominance and Pruning Operators
Label processing constitutes dominance and pruning checks against

the open and closed sets that grow unpredictably and consumemost

of the runtime. Therefore, it is desirable not only to exploit maxi-

mum GPU parallelism at the vector hardware (warp) granularity,

but also to make these checks efficient so they do not perform

unnecessary computations. Algorithm 3 outlines the sequential

Algorithm 3 Dominance and Prune Operators

1: function NotDominated-Seqential(𝑙 , 𝑆 [0, 𝑒𝑛𝑑 ], 𝑐𝑜𝑠𝑡 )
2: for 𝑖 = 0 to S.𝑒𝑛𝑑 do
3: Dominated← true
4: for 𝑑 = 0 to #𝑂𝑏 𝑗 do
5: if 𝑐𝑜𝑠𝑡 (𝑙 ) [𝑑 ] < 𝑐𝑜𝑠𝑡 (𝑆 [𝑖 ] ) [𝑑 ] then
6: Dominated← false
7: break
8: if Dominated then return false
9: return true

10: function NotDominated-ObjectiveVectorized(𝑙 , 𝑆 [0, 𝑒𝑛𝑑 ], 𝑐𝑜𝑠𝑡 )
11: SW_ID← LANE_ID/# Lanes per subwarp

12: SW_LID← LANE_ID % # Lanes per subwarp

13: for 𝑖 = SW_ID to S.𝑒𝑛𝑑 by NUM_SUBWARPS do
14: Dominated← false
15: if __all_sync(SW_MASK, 𝑔 (𝑙 ) [SW_LID] ≥ 𝑔 (𝑆 [𝑖 ] ) [SW_LID]) then
16: Dominated← true
17: if __any_sync(Dominated) then return false

18: return true

19: function NotDominated-LabelVectorized(𝑙 , 𝑆 [0, 𝑒𝑛𝑑 ], 𝑐𝑜𝑠𝑡 )
20: for 𝑖 = LANE_ID to S.𝑒𝑛𝑑 by LANES_PER_WARP do
21: Dominated← true
22: for 𝑑 = 0 to #𝑂𝑏 𝑗 do
23: if 𝑔 (𝑙 ) [𝑑 ] < 𝑔 (𝑆 [𝑖 ] ) [𝑑 ] then
24: Dominated← false
25: break
26: if __any_sync(Dominated) then return false

27: return true

28: function Prune-LabelVectorized(𝑆 [0, 𝑒𝑛𝑑 ], 𝑙 , 𝑐𝑜𝑠𝑡 )
29: for 𝑖 = LANE_ID to S.𝑒𝑛𝑑 by LANES_PER_WARP do
30: Dominated← true
31: for 𝑑 = 0 to #𝑂𝑏 𝑗 do
32: if 𝑔 (𝑆 [𝑖 ] ) [𝑑 ] < 𝑔 (𝑙 ) [𝑑 ] then
33: Dominated← false
34: break
35: if Dominated then 𝑆 [𝑖 ].isInvalid← true

NotDominated operator, where a label 𝑙 is compared against labels

in a set 𝑆 . This function returns false if the label is dominated by

any label in 𝑆 for all of its objective costs. If no label dominates 𝑙 ,

the operator returns true.
A natural way to parallelize is at the objective level, where each

objective in the dominance comparison is compared on adjacent

lanes of the warp. Furthermore, multiple labels from the set 𝑆 are

processed in parallel to achieve high lane utilization in a warp.

The NotDominated-ObjectiveVectorized function outlines the

objective parallel NotDominated operator (lines 10-18). Multiple

subwarps process independent labels from the set 𝑆 in parallel. Each

lane performs a dominance comparison to determine if the label 𝑙 at

a given objective is dominated by the label in set 𝑆 . If all lanes of the

subwarp determine (using the __all_sync synchronization primi-

tive) that the label 𝑙 is dominated by all objectives of that label (line

15), then it is concluded that the label in set 𝑆 dominates label 𝑙 (line

16). Since multiple labels from the set 𝑆 are compared in parallel

across the subwarps, if any of these labels (using the __any_sync
synchronization primitive) dominate the label 𝑙 , the NotDominated

operator returns false (line 17). If no labels dominate 𝑙 , the opera-

tor returns true (line 18). Figure 7a shows an example where a label

𝐿𝑥 is compared against four labels in 𝑆 with 8 objectives each to

pack the 32 lanes of the warp. It determines if any of the four labels

dominates 𝐿𝑥 . This implementation utilizes vector-level parallelism
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Figure 7: Objective-level vectorization (a) performs domi-
nance checks against all objectives, whereas label-level (b)
may complete checks with fewer objectives.

in the GPU. Moreover, when the per-node data structures orga-

nize all objectives per label along the consecutive fastest-moving

indices, the GPU maximizes coalesced memory accesses to global

memory. However, once one objective of a given label is determined

not to dominate 𝐿𝑥 , the subsequent objective comparisons lead to

unnecessary computations and memory accesses.

In the sequential setting, an early termination prevents unneces-

sary computations when an objective determines that a label will

not be dominated (lines 6-7 of Alg. 3). To take advantage of work-

efficient dominance checks and reduce the unnecessary memory

operations, a label-level data structure and vectorization approach

is proposed in the NotDominated-LabelVectorized function

(lines 19-27) and illustrated with an example in Figure 7b. Each

lane of a warp checks a label in 𝑆 for the first objective to deter-

mine if 𝐿𝑥 is dominated by that label’s objective. If the objective

is dominated, then the next objective is checked, and so on until

either an objective does not dominate 𝐿𝑥 , or 𝐿𝑥 is determined to

be dominated. When performing the dominance checks against

a given objective 𝑛, all labels may determine that 𝐿𝑥 is not dom-

inated, and the remaining objective comparisons are skipped. If

any lane determines a label to be dominated (using an __any_sync
synchronization primitive), then the dominance check exits early.

Otherwise, the next set of labels is mapped to the warp lanes, and

the process repeats.

Naturally storing labels with all objectives for each label in con-

tiguous memory negates some of the advantages of this method,

leading to uncoalesced memory accesses. Instead, the data is or-

ganized such that all labels per objective are organized along the

consecutive fastest-moving indices. This ensures the memory ac-

cesses are coalesced in the GPU memory system. A key advantage

is that if a warp lane does not need to check more than the first

few objectives, the remaining objectives do not need to be loaded

Algorithm 4 PruneOPEN Operator

1: function PruneOPEN-LabelVectorized(OPEN, 𝑃𝐸𝑋 ,
ˆ𝑓 )

2: for 𝑖 =WARP_ID + OPEN.𝑒𝑥𝑡_𝑒𝑛𝑑 to OPEN.𝑒𝑛𝑑 by NUM_WARPS do
3: 𝑙 ← OPEN[𝑖]

4: if 𝑙 .isInvalid then continue
5: if not NotDominated(𝑙 , 𝑃𝐸𝑋 ,

ˆ𝑓 ) then
6: 𝑙 .isInvalid = 𝑡𝑟𝑢𝑒

from memory. This reduces stress on the memory bandwidth re-

quirements to improve performance.

So far, this discussion has focused on the dominance operator.

However, a similar label-level vectorization approach is proposed

for the Prune operator (lines 28-35 of Alg. 3), inverting the com-

parison operands (line 32), and invalidating the label from 𝑆 if it is

dominated (line 35).

4.3.1 PruneOPEN Operator. A key operator to maintain high work

efficiency by curtailing label expansion in MOS is PruneOPEN.

When a new goal-node label is extracted from OPEN, it likely dom-

inates existing labels in OPEN. Pruning these labels prevents their

future expansion. However, OPEN contains labels for all nodes and

grows rapidly with increasingly large graphs and the number of

objectives. To address this disproportionately high complexity, the

PruneOPEN operator is parallelized across all warps in the Expand

Kernel (line 18 of Alg. 1). The proposed PruneOPEN operator is

shown in Algorithm 4. The labels in 𝑃𝐸𝑋 are mapped across the

lanes in a warp, and a label in OPEN performs a NotDominated

check to determine if it is dominated by a label in 𝑃𝐸𝑋 , and can

be pruned. The labels in OPEN are distributed across warps to

fully exploit GPU parallelism. More importantly, a label in OPEN

performs a dominance check against 𝑃𝐸𝑋 labels one objective at

a time. If any of these checks determine that a label in OPEN is

dominated, then the remaining 𝑃𝐸𝑋 checks are avoided to save

unnecessary computation and memory accesses. This is visualized

by considering the example in Figure 7b, where the 𝐿𝑥 is a label

from OPEN, and the labels being compared against are 𝑃𝐸𝑋 labels.

4.4 Data Structure Compaction
During MOS execution, there are multiple points at which labels

must be removed from data structures, such as during pruning and

deletion operations on the open and closed sets (𝐺𝑂𝑃 , 𝐺𝐶𝐿 , and 𝑃 ).

To realize these deletions, there are two options: in-place removal,

which requires fine-grain synchronizations, or label invalidation.

MPMOS deletes labels via invalidation (lines 14 and 41 of Alg. 1),

and in a later iteration, when these labels are extracted from OPEN,

they are dropped (lines 12 and 21 of Alg. 1). These invalidated

labels leave “holes” in the data structures that are skipped during

dominance and pruning checks, but still require computations and

memory. We propose a compaction operator that removes these

holes to enable efficient data structures.

Compaction can be performed on every delete, which requires a

low-level synchronization primitive for each label access. To avoid

the additional synchronization latency, we propose to perform

compaction for all data structures at the iteration granularity. This

results in a highly parallel compact kernel, where parallelism is

exploited across different data structures as well as their nodes. Due

to its large relative size, 𝑃 is assigned to a thread block, and each
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Algorithm 5 Compact Kernel

1: function Compact Kernel

2: Compact(𝑃 )

3: for 𝑛𝑖𝑑 = WARP_ID to #Nodes by NUM_WARPS do
4: Compact(𝐺𝐶𝐿 (𝑛𝑖𝑑 ))
5: Compact(𝐺𝑂𝑃 (𝑛𝑖𝑑 ))
6: function Compact(S[0 to 𝑒𝑛𝑑])
7: S.ℎ𝑜𝑙𝑒𝑠 ← 0

8: for 𝑖 = THREAD_ID to S.𝑒𝑛𝑑 by NUM_THREADS do
9: if 𝑆 [𝑖 ].isInvalid then atomicAdd(S.ℎ𝑜𝑙𝑒𝑠, 1)
10: if WARP then __syncwarp() else __syncthreads()
11: NumValidLabels← S.𝑒𝑛𝑑 − S.ℎ𝑜𝑙𝑒𝑠

12: for 𝑖 = THREAD_ID to NumValidLabels by NUM_THREADS do
13: while S[𝑖 ].isInvalid do
14: LastElement = atomicAdd(S.𝑒𝑛𝑑, −1)
15: if not S[LastElement].isInvalid then
16: S[i]← S[LastElement]

17: S.𝑒𝑛𝑑 ← NumValidLabels

per-node 𝐺𝑂𝑃 and 𝐺𝐶𝐿 data structure is assigned to a warp. The

proposed Compact operator efficiently reads from global memory

twice, and only writes to each hole once (2𝑁 plus the number of

ℎ𝑜𝑙𝑒𝑠 global memory operations).

The novel compaction strategy is shown in Algorithm 5. First, a

set 𝑆 is traversed in parallel to count the number of holes in that set

(lines 8-9). Using the number of holes and the size of the array, the

number of valid labels are computed (line 11). The valid labels are

distributed among the threads in a round-robin fashion (line 12).

In cases where a thread does not point to a hole, the thread does

nothing and moves on to the next valid label to process. Once a

thread identifies a hole to fill, the 𝑒𝑛𝑑 pointer is decremented until

a valid entry is found. The thread moves the valid label to fill the

hole (lines 13-16). The thread then moves on to the next valid label

to process. Once all threads complete processing, all valid labels are

contiguously stored in the front of the set 𝑆 , and the end pointer is

updated accordingly (line 17).

4.5 Dynamic Memory Management
Beyond computation, the unpredictable number of labels processed

per node makes it difficult to statically allocate memory for the

underlying data structures in MOS. Therefore, static memory allo-

cation must size the label sets for each node to hold the maximum

possible number of labels. On larger graphs with a high number of

nodes and objectives, even modern GPUs with close to a hundred

gigabytes run out of memory.

MPMOS proposes an efficient dynamic memory allocator for all

label sets. A bucket is defined to be a unit of memory holding a

user-defined number of labels. Small bucket sizes allow fine-grain

memory management, whereas large sizes improve runtime effi-

ciency by avoiding bucket management overhead. A bucket size

of 1024 is quantitatively determined to balance the memory and

runtime tradeoff. Figure 8 shows an illustration of one of the label

sets during an iteration of MPMOS. Each per-node set is assigned

a single bucket to start, with each bucket holding a pointer to the

next bucket. In Figure 8- 1○, bucket A is attached to bucket B for

a given node’s label set. A pointer pointing to the next available

bucket C is maintained to allow for efficient allocation. Each set’s

𝑒𝑛𝑑 pointer allows for efficient reads in dominance/pruning checks.

When a new label is inserted into a set, the end pointer is incre-

mented to allocate a new entry. If this is the first label in a bucket,

Bucket	B

③

()*
①

②

Bucket	A

Bucket	A

Bucket	B

Bucket	B

C
Next	Free	Bucket

1234*

Bucket	A Bucket	B Bucket	C
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()*
④ Bucket	A Bucket	B

Bucket	A Bucket	C

ℎ63(7 Bucket	B
⑤ Bucket	A Bucket	B C

()*

Figure 8: Life cycle of dynamic memory management in MP-
MOS.

then a new bucket is allocated ( 2○). By allocating one bucket ahead,

the chance that subsequent inserts by other threads need to wait

for the first label to complete bucket allocation is reduced. To al-

locate a bucket, the free list is consulted to reserve a new bucket

(bucket C). A reference from the previous bucket to the new bucket

is made to allow easy traversal, similar to a linked list. Note that in

the example, there are no more buckets available for allocation, so

the next free bucket pointer is empty. For dominance and pruning

operations, buckets are traversed until the end pointer, jumping to

the next bucket by reference when needed.

At the end of an iteration, labels may have been inserted and

removed from the buckets. This creates “holes” in the data structures

( 3○). The proposed parallel compaction operator is used to remove

any holes and ensure all valid data is stored contiguously inmemory

( 4○- 5○). If, after compaction, there is more than one empty bucket

at the end of the set, these unused buckets are de-allocated and

released back to the free-list ( 5○). Once this process completes

for all data structures, there are no holes in the system, allowing

for efficient dominance checks and freeing up memory for the

next iteration. With the proposed dynamic memory allocator, MOS

problems that stress the GPU memory scale.

5 Methods
The NVIDIA GH200 [8] Superchip is used for evaluation. It inte-

grates the Grace CPU with 72 Arm cores operating at 3.1 𝐺𝐻𝑧,

which are used for the evaluation of the sequential NAMOA* and

the CPU-parallel OPMOS baselines. The GPU-parallel evaluation of

MPMOS is done using the Hopper H100 GPU that supports 96 𝐺𝐵

HBM3 memory, 4 𝑇𝐵/𝑠𝑒𝑐 memory bandwidth, and 132 streaming

multiprocessors (SMs) operating at 2 𝐺𝐻𝑧 frequency.

The NAMOA* [18] algorithm serves as the baseline for MOS.

Both NAMOA* and the CPU-parallel OPMOS [9] are replicated, to

the best of our ability, using C++ (compiled usingGCC version 11.4.0

with all compiler optimizations enabled). In both cases, the OPEN

priority queue is implemented using a std::set. The remaining

data structures (𝑃 ,𝐺𝑂𝑃 , and𝐺𝐶𝐿) are implemented using standard

C++ vectors to allow for dynamic memory management. In OPMOS,

threads are spawned using the POSIX thread (pthreads) library,
with the associated data structures in sharedmemory. As in OPMOS,

runtime does not include initialization of the data structures (and

threads), with timingmeasurements collected using the C++ chrono
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Table 1: TMPLAR (TMP) and road-network (NY) graphs with
number of objectives (O). Origin and destination are the loca-
tion (TMP) and node IDs (NY). Hops-to-goal (HTG) represents
the shortest path length from the origin to the destination.

Graph Origin Dest. Nodes Edges O HTG
TMP1 Roanoke Isl. Bahamas 471 4394 12 7

TMP2 Alaska San Diego 1610 10019 4 10

TMP3 Alaska Seattle 461 2610 12 6

TMP4 Guam Sasebo 201 2476 12 6

TMP5 Str. of Gibr. Roanoke Isl. 778 7787 6 15

NY6 172882 189944 264346 730100 4 272

NY15 35170 237017 264346 730100 4 265

NY20 242644 163590 264346 730100 4 271

NY31 25610 143842 264346 730100 4 210

NY50 61414 50367 264346 730100 4 205

library. The number of labels extracted from the OPEN queue is

collected using performance counters as a metric of work efficiency.

MPMOS is implemented in CUDA C++ using CUDA 12.9. The

maximum number of concurrent warps is spawned, with 32 warps

per block, and 2 blocks per SM for a total of 8448 warps. The GPU

kernels from Algorithm 1 rely on implicit barriers for synchroniza-

tions. The labels are lexicographically ordered in OPEN using the

proposed efficient sort-and-merge strategy. A global sorting is also

implemented for comparison, where all non-extracted and newly

inserted labels are sorted in OPEN. The dynamic memory allocator

is necessary for all evaluated graphs to complete. To evaluate the

efficacy of the proposed distribution of labels for processing, domi-

nance and pruning operators, and compaction of pruned/deleted

labels, MPMOS is compared against variants with each proposed

optimization removed.

OPMOS evaluates parallel MOS performance using real-world

graphs for maritime vessel routing generated by the Tool for Multi-

objective Planning and Asset Routing (TMPLAR) [20, 30, 37]. TM-

PLAR supports a spatio-temporal setting and state-space reduction

techniques to generate graphs with up to 12 objectives using a

variety of dynamic weather and ship datasets. MPMOS uses the

same graphs and objectives as evaluated in OPMOS, as shown in

Table 1. The TMPLAR maritime graphs are shown with the prefix

TMP. MOS algorithm literature also uses the DIMACS road network

multi-attribute graphs [6]. MPMOS uses the New York (NY) graph

with the same four objectives as evaluated in the MOS literature,

i.e., travel distance, travel time, the number of edges, and the path

length [24, 25]. The source and destination nodes for MOS are ran-

domly selected from [17], representing variability in sequential

MOS runtime. These graphs are shown in Table 1 with the prefix

NY, and the sequence number corresponds to the instance in [17].

While there are implications with increasing graph sizes and de-

gree, the primary cause of the exploding complexity of MOS is the

number of objectives. All TMPLAR graphs are evaluated with up to

12 objectives to illustrate the computational and memory scalability

of MPMOS. The TMP and NY graphs sufficiently stress the limits

of MOS with variability in objectives, nodes, degree, and diameter

(hop to goal-node).

The kernel completion time and breakdowns are used as the

performance metric to evaluate MPMOS. The number of labels

extracted from OPEN for processing is used as a metric of work ef-

ficiency. However, due to the high variability in label computations,

Table 2: Runtime of Sequential NAMOA*, OPMOS, and MP-
MOS, with the increase in labels extracted shown. Geometric
means are shown for the TMPLAR (TMP) graphs, New York
road networks (NY), and overall.

Graph Runtime (s) & Speedup (over Seq.) Labels Processed [mil.]
Seq. OPMOS MPMOS Seq. MPMOS

TMP1 251 9.96 (25×) 0.16 (1571×) 0.563 1.086 (1.93×)
TMP2 8368 419.9 (20×) 2.92 (2866×) 8.51 18.66 (2.19×)
TMP3 0.081 0.01 (8.1×) 0.006 (13.4×) 0.009 0.059 (6.88×)
TMP4 4.04 0.12 (33×) 0.02 (248×) 0.050 0.146 (2.94×)
TMP5 1778 83.56 (21×) 0.51 (3501×) 1.286 3.941 (3.06×)
GMean 65.73 3.36 (20×) 0.118 (555×) 0.305 0.93 (3.04×)
NY6 3781 1124 (3.4×) 5.19 (720×) 23.9 36.61 (1.53×)
NY15 2.94 0.80 (3.7×) 0.134 (21.9×) 0.743 6.614 (8.90×)
NY20 399.1 128.1 (3.1×) 1.155 (346×) 4.185 14.03 (3.35×)
NY31 3041 226.4 (13×) 3.346 (909×) 16.39 24.51 (1.49×)
NY50 39.26 8.51 (4.6×) 0.316 (124×) 2.904 10.51 (3.62×)

GMean 221.2 46.7 (4.7×) 0.968 (229×) 5.13 15.43 (3.01×)
GMean 120.5 12.53 (10×) 0.339 (356×) 1.25 3.788 (3.03×)

the number of check operations performed is also established as a

key metric for efficiency. This metric counts each time an objective

is compared between two labels, including checks to determine if

a label is valid. To gain further insights, GPU occupancy and the

memory system are profiled using NVIDIA’s Nsight Compute tool.

6 Evaluation
The performance of sequential NAMOA*, OPMOS, and MPMOS

is shown in Table 2. The sequential execution times range from

milliseconds to seconds to hours, with OPMOS reducing that range

to milliseconds to minutes. MPMOS further reduces that range

to seconds to milliseconds, executing with 356× geometric mean

speedup over sequential NAMOA* and 37× speedup over the CPU

parallel OPMOS. However, these speedups cover a wide range, from

as low as 13.4× on TMP3 to as high as 3501× on TMP5. The primary

cause for the lack of speedups on certain graphs (e.g., TMP3 and

NY15) is the exploitable parallelism in the graph. The graphs with

more labels processed (and therefore more available parallelism)

have the highest speedups. Further contributing to the performance

variation is work efficiency: the graphs with less additional work

performed over sequential observe higher speedups.

To understand where the performance gains originate, the fol-

lowing MPMOS characteristics are evaluated: 1) finding the right

balance between parallelism and ordering of labels, 2) the work-

efficiency benefits of label-level vectorization for the dominance

and pruning operators, 3) an analysis of the compaction of data

structures, and 4) the impact of increasing objectives on scalability.

6.1 Label Ordering and Parallelism
Figure 9 shows the runtime distribution of MPMOS, where 3% is

spent in label extraction and 81% in label processing/expansion. The

label sorting and compaction kernels take 6% and 10%, respectively.

The sorting of labels is triggered on average 53% (and up to 85%) of

iterations. The 10% sorting overhead is attributed to the proposed

sorting algorithm, where only the newly inserted labels are sorted

and merged with the existing labels in OPEN. This overhead dimin-

ishes to under 2% for graphs with increasing search space (labels

processed). However, the worst-case graph (NY15) spends 30% of
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Figure 9: Normalized runtime distributions for MPMOS with
and without full global sorting and the load balancer.
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Figure 10: Geometric mean runtime distributions of MPMOS
with labels extracted per iteration swept for TMP and NY
graphs from 1 label per warp to 32.

the runtime in sorting. This is justified since NY15 processes 212×
more labels (data not shown) when no sorting is applied, leading

to a 25× loss in performance compared to the proposed ordering

of labels. These observations underpin the importance of sorting

labels in OPEN, even if it comes with overhead. To evaluate the

efficacy of the proposed intelligent sorting of labels, Figure 9 shows

a variant where all non-extracted and newly inserted labels (the

entire OPEN) are sorted. Across all graphs, an average of 2× reduc-

tion in sorting overhead is observed with the merge strategy when

compared to global sorting.

Although label ordering plays a key role in unlocking work

efficiency, MPMOS relies on extracting massive label parallelism

for performance. This tradeoff is controlled with the system pa-

rameter, NUM_EXTRACT, which is set as a factor of the num-

ber of warps spawned in the GPU. Extracting too few labels does

not unleash enough parallelism, and performance suffers. How-

ever, extracting too many labels introduces wasteful computations,

adversely impacting performance. Figure 10 shows the geomet-

ric mean performance for both TMP and NY graphs under vary-

ing NUM_EXTRACT settings. The NUM_EXTRACT is correlated

with the hops to the goal node (HTG), where an increasing HTG

causes more labels to be explored in the search space, increasing

the number of redundant and unwanted labels being processed.

This work-efficiency tradeoff with label parallelism is used to tune

NUM_EXTRACT when significant variability in HTG is observed

between NY and TMP graphs.

The low HTG in TMP graphs results in minimal work efficiency

impacts, with only 2.5× work performed with 256 labels extracted

Table 3: Number of objectives compared per-label in Obj-
Vectorized (Obj), label-vectorized (Obj/Label), and the result-
ing theoretical work efficiency (W.E.) for TMP andNY graphs.

Graph Obj Obj/Label W.E. Graph Obj Obj/Label W.E.
TMP1 12 1.9 6.3× NY6 4 2.2 1.8×
TMP2 4 1.8 2.2× NY15 4 1.8 2.2×
TMP3 12 2.6 4.6× NY20 4 2.2 1.8×
TMP4 12 2.5 5.1× NY31 4 2.3 1.7×
TMP5 6 1.6 3.8× NY50 4 1.8 2.2×

from OPEN per warp. This allows TMP to unlock more parallelism,

and while the runtime does begin to increase after 32 extracted

labels per warp, the impact is minimal. The NY graphs observe

a significant impact on work efficiency, with over 30× labels pro-
cessed at 256 labels per warp. This rapid increase in work efficiency

prevents scaling with increased parallelism, with an optimal setting

at 4 labels per warp. While an optimal point could be found for

both the TMP and NY graphs, the big gap in graph characteristics

prevents a unifying NUM_EXTRACT from being set in the sys-

tem. The prior analysis and the remainder of this section assume

NUM_EXTRACT is set with 32 labels per warp for TMP graphs,

and 4 labels per warp for NY graphs. This is a key knob for MP-

MOS runtime performance, and future work can explore static and

dynamic methods for determining the optimal NUM_EXTRACT

settings.

MPMOS unlocksmassive parallelismwith high-priority labels be-

ing processed in each iteration. However, label processing observes

high variability across the control and dataflow of the underlying

dominance and pruning operators. As observed in Figure 9, the

label processing/expansion consumes the majority of runtime. MP-

MOS proposes a dynamic label-aware work-stealing approach that

operates at the warp granularity. A static round-robin label distribu-

tion is compared to evaluate the efficacy of the proposed scheduler,

where an average 38% performance improvement is observed in

the label processing component. For small graphs (such as NY15

and TMP3), where the labels per iteration do not fully saturate the

massive parallelism of the GPU, minimal performance gains are

observed as expected. However, for large graphs (such as NY6 and

TMP2), up to 2× performance gains are observed when using the

work-stealing approach.

6.2 Efficient Dominance and Pruning Operators
MPMOS label vectorization packs all lanes of a warp with labels,

where each label independently performs the dominance and prun-

ing checks per objective. If the label determines its dominance

condition earlier in the objectives, the operator quits early. How-

ever, the baseline objective vectorization maps all objectives of a

label on the warp lanes, while packing multiple labels per warp to

saturate hardware resources. If not all objectives participate in eval-

uating the check outcome, the baseline strategy performs wasteful

computations. Table 3 shows the average number of participating

objectives per label, which ranges from 1.6 to 2.6 objectives. When

compared to the total number of objectives per graph, the work ef-

ficiency improvements from the proposed label vectorization range

from 1.7× in the NY31 graph with 4 objectives to 6.3× in the TMP1

graph with 12 objectives. In general, as the number of objectives
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Figure 11: Normalized runtime distributions forMPMOSwith
label-vectorization and objective-vectorization.

increases, so does the work efficiency potential with the proposed

label vectorization for the dominance and pruning operators.

Figure 11 shows that the performance gains from label versus

objective vectorization not only depend on the improvements in

work efficiency, but also on the effective achieved parallelism at

runtime and the resulting stress on the memory and compute hard-

ware resources from the wasteful checks. In cases where graphs

are small and/or many iterations of label processing are performed

with plentiful available warps, the unnecessary objective checks

are performed in parallel without significantly impacting perfor-

mance. This behavior is observed in TMP3 and TMP4 graphs with

a significantly lower number of labels processed compared to other

TMP graphs (cf. Table 2). Although the potential work efficiency

gains are 4.6× and 5.1× for these graphs, the observed performance

gains are 2× and 4× for TMP3 and TMP4, respectively. A similar

trend is observed in the NY15 graph, which processes the smallest

number of labels among the NY graphs.

When graphs process more labels at runtime, the parallelism

from the available warps saturates. In these graphs, when wasteful

labels are processed, fewer labels effectively complete their work in

parallel. Moreover, the unnecessary checks incur memory accesses,

computations, and warp-level synchronizations that further dimin-

ish the performance when baseline objective vectorization is used.

Consequently, graphs with a large number of active warps achieve

more performance gains than work efficiency alone with label vec-

torization. This trend is observed in all graphs except for the small

TMP3, TMP4, and NY15 graphs. For example, in TMP2, more than

half of the objectives are processed unnecessarily in the baseline

approach. However, the gains from unlocking more parallelism and

efficient memory and compute accesses from the label vectorization

achieve 6× improvement in performance. Overall, the label vector-

ization for dominance and pruning checks achieves a geometric

mean 4.1× speedup over the baseline objective vectorization.

6.3 Smart Data Structure Compaction
When labels are removed (during extraction) or pruned (during

expansion) from the per-node data structures, MPMOS invalidates

them during label processing. At the end of an iteration, these

invalidated labels can remain in the data structures or be removed

using the proposed parallel compaction kernel. As discussed earlier,

the compaction kernel incurs a 10% average overhead in MPMOS

runtime. This is justified if compacting labels in the per-node arrays
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Figure 12: Number of label check operations performed with
and without smart label compaction normalized to MPMOS.
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Figure 13: Normalized runtime distributions forMPMOSwith
and without smart label compaction.

results in improved work efficiency. Figure 12 shows the number of

dominance check operations performed as a measure of compaction

efficiency. In small graphs, such as TMP3, processing fewer labels

leads to fewer opportunities for holes to be generated, reducing the

necessity and impact of data compaction. However, on average a

2.5× compaction efficiency is observed. This results in a geometric

mean 2× performance boost with up to 5× in TMP2, as observed

in Figure 13. This result neatly justifies that the performance gains

from the proposed compaction strategy result in far more gains

than the 10% loss of performance from the compaction overhead.

6.4 Scalability at Increasing Objectives
A key aspect of the MOS problem is the rapid increase in labels and

runtime as the number of objectives increases. So far, the TMP2 and

TMP5 graphs are evaluated using 4 and 6 objectives, respectively.

However, these graphs can potentially execute with up to the 12

available objectives, given their runtimes remain tractable and/or

the open and closed label sets and OPEN do not run out of the

available GPU memory during processing.

Figure 14 shows the runtime (left) and memory requirements

(right) of the TMP5 graph at an increasing number of objectives. The

runtime rises rapidly as the number of objectives increases from 2 to

12. However, all objectives finish in approximately 37 minutes using

the H100 GPU. To evaluate the efficacy of the proposed dynamic

memory allocator, a static allocation policy is introduced. The static

is an oracle policy that first tracks the number of labels per node and

per data structure to determine the maximummemory that needs to

be allocated for each node in a given set. Once themaximumnumber

of buckets is allocated, the graph is executed, and the consumed

memory requirement is plotted. The static memory requirement
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Figure 14: Runtime (left) and memory consumption (right)
for TMP5 graph at increasing objectives.
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Figure 15: Runtime (left) and memory consumption (right)
for TMP2 graph at increasing objectives.

is observed to increase exponentially, and after 10 objectives, it

surpasses the available 96𝐺𝐵 GPUmemory. However, the proposed

dynamic allocator determines the need for bucket allocation at a

per-node granularity and completes the TMP5 graph for all 12

objectives. The memory consumption is observed to grow rapidly

from 0.76𝐺𝐵 at 6 objectives to 25𝐺𝐵 at 12 objectives; however, the

proposed dynamic allocator is 19× memory efficient than the static

allocator, highlighting its efficacy.

Figure 15 shows the same scaling study for the TMP2 graph.

Only ten objectives finish execution for this graph; at eleven objec-

tives, the GPU runs out of memory even when using the proposed

dynamic memory allocator. However, at ten objectives, the runtime

explodes to over twelve hours, increasing from just seconds at four

objectives. Additionally, although the dynamic allocator cannot

complete at eleven objectives, the static allocation policy prevents

memory scaling beyond six objectives. Using the proposed dynamic

memory allocator, an additional four objectives are unlocked, oper-

ating at over 8×memory efficiency compared to the static allocator,

again highlighting its efficacy.

7 Future Directions
MPMOS faces three key outstanding challenges: 1) the explosion

in memory requirements to track the open and closed sets and the

OPEN queue, 2) the highly variable and irregular dominance and

pruning operators on unstructured data, and 3) managing the right

tradeoff between parallelism and ordered processing of labels. All

operators and memory/compute requirements lie in the expansion

phase, lending label expansion to be the ideal target for future

performance gains.

As shown in Figures 14 and 15, memory grows by two orders of

magnitude while runtime increases by five to six orders of magni-

tude from two to twelve objectives. Thus, computational intractabil-

ity remains the key bottleneck. For example, TMP2 is computa-

tionally intractable at ten objectives (taking over twelve hours to

converge), while still fitting within the memory bounds of a single

GPU. To further exploit GPU parallelism, architectural hardware-

centric optimizations can be explored. The throughput of label

processing can be improved through methods that make use of

specialized computational units like Tensor cores, programmable

indexing hardware accelerators, independent thread scheduling,

asynchronous memory operations, and efficient use of shared mem-

ory for data reuse and overlap. Inevitably, as we have already shown,

the memory of a single GPU will be exhausted. At this point, alter-

native systems need to be explored. One possibility is to explore

GPU-CPU heterogeneity. For example, utilizing the GH200 NVLink

connection between the H100 GPU and the host Grace CPU, pro-

viding over 500 𝐺𝐵/𝑠 bandwidth connection to the 480 𝐺𝐵 CPU

memory (over 5× the GPU memory). The key question is: can the

extra or extended memory be exploited to unlock the performance

potential we have shown with the GPU memory, while enabling

the processing of larger problem sizes?

Beyond a single superchip, multi-GPU and disaggregated GPUs

with expanded memory can also be explored to accelerate MPMOS.

However, these systems come at the cost of power efficiency and

communication overheads. Additionally, a hardware accelerator

approach is envisioned, where custom vector hardware devices

tuned for the unique dominance and pruning operators have access

to high-bandwidth, high-capacity 3D-stacked memory. These are

some avenues of research we plan to explore in future work.

8 Conclusion
This work introduces MPMOS, a novel GPU-accelerated algorithm

that navigates the high variability in computation and memory

access that has traditionally prevented efficient, massively parallel

solutions for the exact multi-objective shortest-path problem. To ad-

dress the computational and memory complexity, dynamic parallel

label distribution, work-efficient dominance and pruning operators,

and runtime compaction of underlying data structures are proposed.

A novel dynamic memory allocator is proposed to harness the un-

predictable storage requirements for the data structures at runtime.

Evaluation using the NVIDIA GH200 Superchip shows that MPMOS

achieves an order of magnitude speedup over state-of-the-art CPU-

parallel MOS and two orders of magnitude speedup over sequential

MOS across real-world maritime vessel routing and road network

graphs. MPMOS enables GPU acceleration for exact multi-objective

optimization at unprecedented computational scales.
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